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Abstract
Stronger impurity density in-out poloidal asymmetries than predicted by the most comprehensive
neoclassical models have been measured in several tokamaks around the world during the last
decade, calling into question the reduction of turbulence by sheared radial electric fields in H-mode
tokamak pedestals. However, these pioneering theories neglect the impurity diamagnetic drift, or
fail to retain it self-consistently; while recent measurements indicate that it can be of the same
order as the ExB drift. We have developed the first self-consistent theoretical model retaining the
impurity diamagnetic flow and the two-dimensional features it implies due to its associated non-
negligible radial flow divergence. It successfully explains collisionally the experimental impurity
density, temperature and radial electric field in-out asymmetries; thus making them consistent with
H-mode pedestal turbulence reduction.
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I. INTRODUCTION AND MOTIVATION
It has been suggested [1–5] that the sudden transition between states of low and high
confinement, the L-H transition, involves the reduction of turbulence in the pedestal by
sheared radial electric fields. Indeed, this presence of strong E × B shear may explain the
improved energy confinement observed in both H and I modes [6]. For H-mode pedestals,
the amount of turbulence may be only large enough to affect phenomena higher order in the
gyroradius expansion, such as heat transport. Neoclassical collisional theory may then be
expected to properly treat lower order phenomena, such as flows within the flux surface.
During the last two decades, the state-of-the-art neoclassical pedestal theories for colli-
sional non-trace impurity behavior [6–15] have been analyzing the impurity parallel dynam-
ics independently. In other words, the physical phenomena included were selected [7] such
that the interesting effects of the impurity radial flow could be self-consistently neglected
for simplicity when evaluating its parallel flow and treating conservation equations. The
key simplifying assumption towards neglecting the impurity radial flow relies on taking the
pedestal characteristic length to be of the same order for both impurity and main ion den-
sities. In this way the diamagnetic flow can be neglected for the high charge state impurity,
while it is retained for the bulk ions.
These existing theories [6–15] continue to provide valuable insight into the poloidal re-
arrangement within a flux function of a single non-trace impurity species in thermal equi-
librium with weakly poloidally varying background ions. For instance, Helander [7] proved
theoretically that impurities can accumulate on the inboard side of a pedestal flux surface
in agreement with experimental observations [16–21]. On the one hand, his model self-
consistently assumes impurity and main ion flows significantly weaker than the impurity
thermal velocity in order to neglect the impurity centrifugal force. If the impurity toroidal
rotation was large enough, the inertial term should be retained and the centrifugal force
could overtake the previous phenomena, causing the highly-charged impurities to concen-
trate on the low field side [8, 13]. On the other hand, Helander’s model [7] allows the friction
of the impurities with the background ions to compete with the potential and pressure gra-
dient terms in the impurity parallel momentum conservation equation. The drive for the
impurity density poloidal variation is given by the poloidal variation of the magnetic field
in the friction term, which explains a larger impurity density on the high field side. The
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original model with banana regime main ions [7] was extended to the Pfirsch-Schlu¨ter [9]
and plateau [11] collisionality regimes; not only for completeness but also in the hope of
explaining larger impurity concentration on the high field side.
Charge-exchange recombination spectroscopy is used to measure the outboard (LFS) and
inboard (HFS) impurity temperature, density and mean flow radial profiles in the midplane
pedestal region of tokamaks such as Alcator C-Mod [22, 23] and ASDEX-Upgrade [19]. High
confinement mode edge pedestals on Alcator C-Mod [16–18] exhibit substantially stronger
boron poloidal variation than predicted by the most comprehensive neoclassical theoretical
models developed to date [7, 9–11]. Indeed, the accumulation of boron density on the high
field side is up to six fold for pressure alignment (see Fig. 1 and 6 of Ref. [18]) and even
substantially larger when taking the impurity temperature as a flux function instead. This
either calls into question the reduction of turbulence by sheared radial electric fields in H-
mode tokamak pedestals or indicates that there may be some physical process missing from
these models. This phenomenon may be amplifying the magnetic field in-out asymmetry,
which is the only drive in previous theories, or acting as an additional drive. Impurity
peaking at the inboard side is also observed in other tokamaks, such as ASDEX-Upgrade [19,
20] and JET [21]. In addition, up-down asymmetries have also been detected on tokamaks,
such as Alcator A [24], PLT [25], PDX [26], ASDEX [27], Compass-C [28] and Alcator
C-Mod [29–31].
This pedestal impurity poloidal variation can be related to impurity accumulation. He-
lander proposed [7] that the impurities rearrange on a flux function to diminish the parallel
friction with the background ions. By using impurity toroidal momentum, Eq. (13) in [7],
it can be shown then that this parallel friction affects the pedestal impurity radial flow. If
the total flow is inwards, highly charged divertor impurities can be absorbed through the
pedestal and accumulate in the core of the plasma. High impurity confinement can lead
to large radiative energy losses [32] that compromise the performance of high charge num-
ber metal wall tokamaks, such as Alcator C-Mod [33], ASDEX-Upgrade [34] and the JET
ITER-Like Wall [35–37].
Recently, the first method to measure the neoclassical radial impurity flux directly from
available diagnostics, such as CXRS and Thomson scattering, was proposed [14, 15]. One of
its main advantages is that it bypasses the computationally demanding kinetic calculation
of the full bulk ion response. Difficult to evaluate main ion non-Maxwellian kinetic fea-
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tures need not be evaluated when impurity poloidal flow measurements are available. The
procedure in [15] allows the inclusion of impurity seeding, ion cyclotron resonance minority
heating (ICRH) and toroidal rotation effects that can be used to actively and favorably
modify the radial impurity flux to prevent impurity accumulation, as explained in [14].
Moreover, thanks to the measuring technique developed, the outward radial impurity flux in
I-mode has been explained without invoking a (sometimes undetected) turbulent mode [6].
A predictive theoretical neoclassical model for pedestal impurity flows that includes the ef-
fect of radial flows in the parallel dynamics may thus provide even more accurate insight on
preventing impurity accumulation.
The impurity model in the following sections proposes a self-consistent two-dimensional
theoretical neoclassical model for axisymmetric tokamak pedestals. In contrast to the one-
dimensional previous models [7–11], the impurity parallel dynamics is affected not only by
flows contained in the flux surface but also by the impurity radial flows out of the flux surface.
The novel expressions for the impurity flow and conservation equations may improve our
ability to model pedestals and perhaps extend existing codes [38, 39] to a new dimension.
More importantly, this pedestal neoclassical model with radial flows may ultimately suggest
how to better control or even avoid impurity accumulation in tokamaks such as JET and
ASDEX-Upgrade.
Radial flow effects become important when the impurity density exhibits very strong
radial gradients. We achieve self-consistency by allowing the impurity diamagnetic drift
to compete with the E × B drift, as supported by experimental observations [17]. Radial
and diamagnetic flow effects substantially alter the parallel impurity flow. The resulting
modification in the impurity friction with the banana regime background ions impacts the
impurity density poloidal variation, by acting as an amplification factor on the magnetic
field poloidal variation drive. It can lead to stronger poloidal variation that is in better
agreement with the observations for physical values of the diamagnetic term. In addition,
the poloidally-dependent component of the radial electric field can compete with its flux
surface average for the first time.
The remaining sections are organized as follows. Section II is devoted to experimentally
justifying the new physical phenomena included in the model and the corresponding order-
ings for the potential and species variables. The comprehensive range of collisionality for
which the orderings are self-consistent, i.e. simultaneously verified, is also presented. In
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TABLE I: Novel physical phenomena included and poloidal asymmetries captured by the
proposed neoclassical model in comparison to the state-of-the-art models developed to
date.
Experimental physics observed [16–18] Previous models [7–11] This work
Single impurity species X X
Non-trace impurities X X
Diamagnetic flow effects X a
Radial flow effects X a
a Although incorrectly claimed otherwise [40], here it will be proven that both effects need to be included
simultaneously for self-consistency.
Section III, the kinetic theory of the banana regime main ions is carefully analyzed when
radial gradients of poloidally-varying variables are retained, in order to successfully calcu-
late the parallel friction force between impurities and the background ions as a function of
the impurity parallel flow. Section IV contains the calculation of the impurity flow with
diamagnetic and radial flow effects using conservation of impurity particles and momentum.
Special attention is drawn to the new sources of poloidal variation in order to provide insight
into parallel and poloidal flow measurements. It is shown in Sec. V that the generalized par-
allel friction modifies the impurity parallel momentum conservation equation governing the
impurity density poloidal rearrangement. Finally, the results are summarized and discussed
in Sec. VI.
II. SELF-CONSISTENT ORDERINGS OF THE EDGE PEDESTAL THEORETI-
CAL MODEL
The theoretical pedestal model proposed here aims to explain the poloidal asymmetries
in the impurity density, electrostatic potential, and impurity temperature by including the
additional physical phenomena summarized on Table I. This section is devoted to the devel-
opment and experimental justification of the new orderings that are able to accomplish this
task and provide additional physical insight within a self-consistent framework. The range
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of applicability of this new model overlaps and extends that of previous models [7].
A. Impure tokamak pedestal
We consider an axisymmetric tokamak pedestal composed of Maxwell-Boltzmann banana
regime electrons (subscript e) and bulk ions (i) with charge number zi ∼ 1. The model
includes a single highly charged impurity (z) with temperature Tz ∼ Ti ∼ Te and mass Mz
satisfying √
Mz
Mi
∼
√
zz
zi
 1. (1)
This impurity is assumed to be collisional (Pfirsch-Schlu¨ter) and non-trace, so that
z2znz
z2i ni
∼ νiz
νii
∼ νzz
νzi
√
zi
zz
∼ νzz
νii
(
zi
zz
) 3
2
∼ 1. (2)
Here n is the species density and ν12 the collisional frequency of species 1 with 2. The
collisional frequencies between impurities and/or main ions are given in Appendix A.
B. Strong poloidal variation
The flux surface average of a quantity Q is defined as
〈Q〉 =
∮
Qdθ
B·∇θ∮
dθ
B·∇θ
=
∮
Qdϑ
2pi
; (3)
with B the magnetic field, θ the poloidal angle variable and dϑ = 〈B·∇θ〉
B·∇θ dθ [7].
A relationship between the poloidal derivative of the electrostatic potential, Φ, and the
electron and main ion densities can be obtained from their Maxwell-Boltzmann response,
i.e. n = 〈n〉 exp
[
− ze(Φ−〈Φ〉)
T
]
, since their temperatures are taken to be lowest order flux
functions. The poloidal variation of the potential can also be related to that of the impurity
density by subtracting from the quasineutrality equation its flux surface average, ne−〈ne〉 =
zi (ni − 〈ni〉) + zz (nz − 〈nz〉), and taking the poloidal derivative to find
zie
Ti
∂Φ
∂θ
=
zz
ne
Ti
ziTe
+ zini
∂nz
∂θ
=
zi
zz
z2znz
z2i ni
1 + ne
zini
Ti
ziTe
∂ lnnz
∂θ
. (4)
Moreover, the poloidal variation of the magnetic field, which is of the order of the inverse
aspect ratio   1, is retained by considering it to be stronger than that of the potential
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and the electron and background ion densities. Finally, the impurity density is allowed to
exhibit the strongest poloidal variation, ∆, that is taken to be of order
√
 in order to keep
nonlinear effects.
The orderings for the poloidal variation of the physical quantities under consideration
can thus be conveniently summarised as
1
∣∣∣∣∂ lnnz∂θ
∣∣∣∣2 ∼ ∆2 ∼ ∣∣∣∣∂ lnB∂θ
∣∣∣∣ ∼  ∣∣∣∣∂ lnne∂θ
∣∣∣∣ ∼ ∣∣∣∣∂ lnni∂θ
∣∣∣∣ ∼ zieTi
∣∣∣∣∂Φ∂θ
∣∣∣∣ ∼ zizz
∣∣∣∣∂ lnnz∂θ
∣∣∣∣ . (5)
These orderings are in agreement with experimental observations (see the right hand-side of
Fig. 1 of Ref. [18]) that show that the poloidal variation of the impurity density is significantly
stronger than that of the magnetic field, radial electric field and impurity temperature. The
latter is assumed to satisfy
1
∆2
∂ lnTz
∂θ
 1.
As a result, the weak poloidal variation of the impurity temperature can be ignored in the
parallel impurity momentum equation.
C. Radial variation to retain diamagnetic flow effects
The characteristic length of the impurity density pedestal, Lnz , satisfies ρpz  Lnz 
R qR. Here ρp = ρ BBp is the poloidal (p) Larmor radius and qR is the connection length,
with safety factor q and major radius R. Consequently, the impurity and bulk ion mean
flows are taken to be slower than the thermal speed of the impurities [7, 9, 41].
The radial electric field on Alcator C-Mod is determined by combining the independently-
measured impurity contributions to the perpendicular impurity momentum equation [17] to
find
Er ≈ 1
zzenz
∂pz
∂r
+ VztBp − VzpBt; (6)
where r is the radial coordinate, p the pressure, and Vt and Vp the toroidal (t) and poloidal
(p) components of the mean flow. This equation provides strong motivation for retaining
in H mode the impurity diamagnetic effect, 1
zzenz
∂pz
∂r
, since experimental measurements (see
Fig. 3 of Ref. [17]) indicate that it can contribute more than 70% of the radial electric field
in (6) for Boron. The E × B and impurity diamagnetic effects are allowed to compete for
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FIG. 1: Radial gradients schematics.
the first time by ordering the impurity density radial variation to be stronger by a charge
ratio than that of the potential and bulk ion density, leading to the following orderings for
perpendicular gradients:
1
ρpz
 |∇⊥nz|
nz
∼ zz
zi
|∇⊥Φ|
Ti
zie
∼ zz
zi
|∇⊥ni|
ni
∼ zz
zi
|∇⊥Ti|
Ti
∼ zz
zi
|∇⊥Tz|
Tz
 zz
zi
|∇⊥B|
B
, (7)
These orderings, schematized in Fig. 1, are in agreement with the experimental evidence
in the right hand-side of Fig. 1 of Ref. [18]). Here the bulk ion temperature radial variation
is taken to be as large as possible with the main ion diamagnetic effects competing but not
overtaking the E × B contribution. Given that equilibration forces Ti ∼ Tz at all pedestal
radial locations and that the radial variation of the impurity density is observed to be
stronger than that of the impurity temperature (see right hand-side on Fig. 1 of Ref. [18]),
it is reasonable to take the radial variation of both temperatures to be of the same order.
The experimental evidence of the importance of the diamagnetic effects is supported
by theoretical evidence as well. By taking the radial derivative of the Maxwell-Boltzmann
bulk ion response and of the poloidally varying piece of quasineutrality, zz (nz − 〈nz〉) =
(ne − 〈ne〉) − zi (ni − 〈ni〉), a relationship between the radial variation of the poloidal part
of the potential and the impurity and bulk ion densities consistent with (7) can be obtained:
zznz
zini
1 + ne
zini
Ti
ziTe
1
nz
∂ (nz − 〈nz〉)
∂ψ
=
zie
Ti
∂ (Φ− 〈Φ〉)
∂ψ
= − 1
ni
∂ (ni − 〈ni〉)
∂ψ
. (8)
In summary, even though the poloidally dependent components of the potential and electron
and bulk ion densities are much smaller than their corresponding flux surface averages (5),
unlike in [7], the radial derivatives of these components are allowed to compete since
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zi
zz
|∇⊥ (nz − 〈nz〉)|
nz
∼ |∇⊥ (Φ− 〈Φ〉)|
Ti
zie
∼ |∇⊥ (ni − 〈ni〉)|
ni
∼ |∇⊥ (ne − 〈ne〉)|
ni
∼ ∆ zi
zz
|∇⊥ 〈nz〉|
nz
∼ ∆ |∇⊥ 〈Φ〉|
Ti
zie
∼ ∆ |∇⊥ 〈ni〉|
ni
∼ ∆ |∇⊥ 〈ne〉|
ne
.
(9)
Since the negative slope of the impurity density is more negative on the inboard side (see
right hand side of Fig. 1 of Ref. [18]), the model predicts via (9) the radial electric field
be less negative on the inboard than on the outboard side. This is consistent with the
experimental observation shown in Fig. 5 in [17].
D. Species collisionality
The assumptions of having lowest-order Maxwellian impurities, (B7); bulk and impurity
temperature equilibration, (??); banana regime, (12), Maxwell-Boltzmann bulk ions, (13);
and friction not affecting the lowest-order perpendicular impurity flow, (D12), are checked a
posteriori. These are the most restrictive inequalities and are obtained latter for the equation
numbers given above. Doing so leads to the conclusion that self-consistency is satisfied when
min
{
1,
√
zi
zz
Lnz
ρpz
}
 ∆ λz
qR
 max
{
∆

3
2
z2i
z2z
,
ρpz
Lnz
√
zz
zi
z2i
z2z
,
ρpz
Lnz
√
zz
zi
B2p
B2
}
. (10)
Here λ is the mean free path, which is the thermal speed vT =
√
2T
M
divided by the sum of
the like and unlike collision frequencies. Note also that the ratio of impurity to background
ion mean free paths is given by
λz
λi
∼
vTz
νzz+νzi
vTi
νii+νiz
∼
(
zi
zz
)2
, (11)
where z
2
znz
z2i ni
∼ 1 has been used to relate the collisional frequencies. In the collisional range
under consideration (10), the self-collisional frequencies are much smaller than the gyrofre-
quency Ω = zeB
cM
= vT
ρ
, which is of the same order for main and impurity ions.
The assumptions of having lowest-order Maxwellian impurities and friction not affecting
the lowest-order perpendicular impurity flow are checked in Appendices B and D, respec-
tively. The bulk and impurity temperature equilibration is checked in Appendix E.
The condition to have banana regime background ions,
qR

3
2λi
 1,
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could be rewritten by using (11) as a function of the impurity mean free path as follows:
λz
qR

3
2
z2z
z2i
 1. (12)
The Maxwell-Boltzmann behaviour for the main ions is obtained if Ti is a flux function
and the bulk ion pressure and potential gradients are the dominant terms in the parallel
momentum equation for the background ions, which requires
Riz‖
∇‖pi + zieni∇‖Φ ∼
νizniMivTz
ρpz
Lnz
∆ zi
zz
pi
qR
∼ 1
∆
qR
λz
ρpz
Lnz
(
zi
zz
) 3
2
 1. (13)
III. FIRST-ORDER MAIN ION KINETIC EQUATION AND FRICTION FORCE
The gyroaveraged background ion distribution function is given by f¯i = fiM〈〉+ f¯i1 [7, 11].
The lowest order distribution function can be chosen to be a stationary Maxwellian and a
flux function:
fiM〈〉 = 〈ni〉 (ψ)
[
Mi
2piTi (ψ)
] 3
2
exp
[
− Miv
2
i
2Ti (ψ)
]
. (14)
The gyrophase independent first-order correction is proven [42] to be given by
vi‖∇‖
(
f¯i1 +
Ivi‖
Ωi
∂fiM〈〉
∂ψ
∣∣∣∣
Ei〈〉
)
+
zievi‖
Ti
fiM〈〉∇‖Φ = Cii1
{
f¯i1
}
+ Ciz1
{
f¯i1
}
. (15)
Here the spatial gradients are taken keeping constant the magnetic moment, µi =
v2i⊥
2B
, and
the lowest-order total energy, Ei〈〉 =
v2i
2
+ zie〈Φ〉
Mi
. In addition, the linearized gyroaveraged
unlike collision operator of bulk ions with lowest-order drifting Maxwellian impurities is
Ciz1
{
f¯i1
}
=
3
√
2piνizT
3
2
i
4M
3
2
i
[
∇vi ·
(∇vi∇vivi ·∇vi f¯i1)+ 2fiM〈〉MiTi vi‖v3i Vz‖
]
. (16)
The parallel friction force between impurities and the background ions is calculated [42]
by taking the parallel first order moment of the unlike collision operator (16) to be given by
Rzi‖ = −〈pi〉 Iνiz
Ωi
[
d ln 〈pi〉
dψ
+
zie
Ti
d 〈Φ〉
dψ
− 3
2
d lnTi
dψ
]
+Miνiz 〈ni〉
(
ni
〈ni〉
uB
ni
− Vz‖
)
, (17)
where for general collisionality main ions
u =
3
√
pi√
2
T
3
2
i
M
3
2
i
∫
hi
B
vi‖
v3i
d3vi (18)
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with
hi = f¯i1 +
Ivi‖
Ωi
∂fiM〈〉
∂ψ
∣∣∣∣
Ei〈〉
+
zie (Φ− 〈Φ〉)
Ti
fiM〈〉. (19)
In particular, for banana bulk ions hi does not depend on poloidal angle but via vi‖/
∣∣vi‖∣∣.
Consequently, u is a flux function since d3vi ∝ Bvi‖dµidEi〈〉 [7].
IV. IMPURITY FLOW
This section is devoted to the calculation of the pedestal impurity flux including diamag-
netic and non-diffusive radial flow effects self-consistently. To begin with, the perpendicular
impurity flow is obtained from perpendicular momentum conservation for the impurities.
Next, the impurity continuity equation is solved for the form of the parallel impurity flow
within a flux function. The divergence of the radial flow has to be cleverly rearranged to fa-
cilitate the integration of the continuity equation. Finally, the parallel momentum equation
for the impurities is considered and its solubility condition used to determine the unknown
flux function. The friction with the background ions is modified due to retention of both the
impurity diamagnetic flow and the radial flow effects that modify the the impurity parallel
mean flow.
A. Perpendicular impurity flow
The momentum conservation for impurities balances electrostatic, magnetic, isotropic
and anisotropic pressure forces, inertia and friction with the background:
zzenz
(
∇Φ− Vz ×B
c
)
+∇pz +∇ · piz +MznzVz ·∇Vz = Rzi. (20)
It is reasonable to assume that the perpendicular velocity is dominated by the E × B, as
in [7], and the new diamagnetic drift, since they are allowed to compete. The orderings (5),
(7), (9) and (10) are chosen to make the perpendicular projection of the inertia, friction and
divergence of the anisotropic pressure tensor negligible; as can be checked a posteriori in
Appendix D. Therefore,
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Vz⊥ =
c
B2
B×
(
∇Φ + ∇pz
zzenz
)
=
c
B2
B×∇ψ
(
∂Φ
∂ψ
+
1
zzenz
∂pz
∂ψ
)
+
c
B2
B×∇θ
(
∂Φ
∂θ
+
1
zzenz
∂pz
∂θ
)
.
(21)
The axisymmetric tokamak magnetic field is taken to be
B = I∇ζ +∇ζ ×∇ψ; (22)
where ζ is the toroidal angle, 2piψ the poloidal magnetic flux with |∇ψ| = RBp and I (ψ) =
RBt a flux function. From (22), it follows that
B×∇ψ = IB−B2R2∇ζ (23)
and
B×∇θ ·∇ψ = −IB ·∇θ. (24)
The projections of the perpendicular impurity mean flow (21) in the directions perpen-
dicular to the flux surface (referred to as radial) and within the surface but perpendicular
to the magnetic field are evaluated (24) to respectively find
Vz⊥ · ∇ψ
RBp
= − cI
B2
B ·∇θ
RBp
(
∂Φ
∂θ
+
1
zzenz
∂pz
∂θ
)
∼ ∆ρpz
qR
vTz (25)
and
Vz⊥ · B×∇ψ
BRBp
=c
RBp
B
(
∂Φ
∂ψ
+
1
zzenz
∂pz
∂ψ
)
∼ ρz
Lnz
vTz
+ c
∇ψ ·∇θ
BRBp
(
∂Φ
∂θ
+
1
zzenz
∂pz
∂θ
)
∼ s∆ρpz
qR
vTz.
(26)
The estimated size of the terms is shown to the right of the terms in (25) and (26), where s
is the magnetic flux surface shape factor:
0 . s = r∇θ · ∇ψ
RBp
. 1. (27)
Even thought this factor is small in the concentric circle flux surface large aspect ratio limit,
it is retained in this calculation for further accuracy.
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B. Parallel impurity flow
The relationship between the perpendicular and parallel impurity flows must satisfy the
conservation of particles equation,
∇ · (nzVz) =∇ · (nzVz⊥) + B ·∇
(
Vz‖
nz
B
)
= 0. (28)
The divergence of the perpendicular flux in an axisymmetric tokamak is given by
∇ · (nzVz⊥) = B ·∇θ
[
∂
∂ψ
(
nzVz⊥ ·∇ψ
B ·∇θ
)
+
∂
∂θ
(
nzVz⊥ ·∇θ
B ·∇θ
)]
. (29)
The two components of the impurity flow, as given by (25) and (21), result in comparable
contributions to the divergence when the impurity diamagnetic flow is retained as can be
seen from
∂
∂ψ
(
nzVz⊥ ·∇ψ
B ·∇θ
)
∼ ∂
∂θ
(
nzVz⊥ ·∇θ
B ·∇θ
)
=
∂
∂θ
[
cI
zzeB2
(
zzenz
∂Φ
∂ψ
+
∂pz
∂ψ
)]
. (30)
The preceding implies that the parallel dynamics depends on the perpendicular dynamics
(Fig. 2(b)), in contrast to all the previous models [7] (Fig. 2(a)). In other words, the impurity
radial flow affects the parallel flow when the diamagnetic flow is retained.
The physical phenomena included in the model, (4) and (5), have been purposely selected
in order to make feasible the integration of the conservation of particles equation (28) to
determine the impurity parallel flow. The first step towards expressing the divergence of the
radial impurity flux (25) in the form of a parallel gradient of a scalar consists of using the
relationships between the poloidal variation of the potential and impurity density in (4) to
find
∂pz
∂θ
+ zzenz
∂Φ
∂θ
=
∂P
∂θ
+O
(
∆2
zi
zz
pz
)
; (31)
where
P = (pz − 〈pz〉) + z
2
zTi
z2i ni
(
1 + ne
zini
Ti
ziTe
) [〈nz〉 (nz − 〈nz〉) + (nz − 〈nz〉)2
2
]
. (32)
Second, even though both impurity density and magnetic field poloidal variations are re-
tained (5), their product ∆ is assumed to be negligible, primarily to bring the magnetic
field under the poloidal derivative to lowest order by writing
I
B2
∂P
∂θ
=
∂
∂θ
(
IP
〈B2〉
)
+
I
B2
(
1− B
2
〈B2〉
)
∂P
∂θ
=
∂
∂θ
(
IP
〈B2〉
)
+O
(
∆
Ipz
B2
)
. (33)
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⌦Bp
E
VE⇥B
Bt
(a) Parallel dynamics can be individually
analyzed in a one dimensional model without
diamagnetic effects.
⌦
Bt
Bp
E⇤new
VE⇤new⇥B
(b) Two dimensional effects given by the radial
flow must be retained due to its large divergence
to include impurity diamagnetic effects.
Diamagnetic effects are included in the electric
field, E∗new = −
(
∇Φ + ∇pzzzenz
)
.
FIG. 2: Schematic of the perpendicular impurity flow, given by the E×B drift, that
affects the parallel impurity flow in an tokamak cross section.
By using (25), (30), (31) and (33), the lowest order conservation of impurity particles
equation (28) to order  can hence be rewritten as
B ·∇
[
nzVz‖
B
+
cI
zzeB2
(
∂pz
∂ψ
+ zzenz
∂Φ
∂ψ
)
− c
zze
∂
∂ψ
(
IP
〈B2〉
)]
= 0. (34)
The parallel impurity flow is then obtained by integrating in poloidal angle to find
Vz‖ =
BKz
nz
− cI
zzeBnz
(
∂pz
∂ψ
+ zzenz
∂Φ
∂ψ
)
+
cB
zzenz
∂
∂ψ
(
IP
〈B2〉
)
∼ ρpz
Lnz
vTz, (35)
where Kz (ψ) is an unknown flux function. In conclusion, the impurity flow is given by
Vz = Vz⊥ + Vz‖
B
B
=
B
nz
[
Kz +
c
zze
∂
∂ψ
(
IP
〈B2〉
)]
− cR2∇ζ
(
∂Φ
∂ψ
+
1
zzenz
∂pz
∂ψ
)
+
cI
B2
∇ζ ×∇θ
(
∂Φ
∂θ
+
1
zzenz
∂pz
∂θ
)
,
(36)
where (22) and (23) have been used to evaluate the perpendicular impurity flow (21).
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C. Calculation of the integration constant in the parallel impurity flow
Let us now turn our attention to the parallel impurity momentum conservation equation,
∇‖pz + zzenz∇‖Φ +MznzVz ·∇Vz · B
B
+∇ · piz · B
B
= Rzi‖, (37)
which is dominated by the friction and the impurity pressure and potential gradients. The
inertial and diagonal (subscript d) and off-diagonal (subscript g) viscous forces can be ne-
glected according to our orderings, since
MznzVz ·∇Vz · BB
∇‖pz + zzenz∇‖Φ ∼
MznzVz ·∇Vz‖
B
B
·∇θ (∂pz
∂θ
+ zzenz
∂Φ
∂θ
) ∼ Mznz∆v2TzqR ρ2pzL2nz
∆ pz
qR
∼ ρ
2
pz
L2nz
 1. (38)
∇ · pizdC · BB
∇‖pz + zzenz∇‖Φ ∼ max
{
∆
ρpz
Lnz
λz
qR
,∆
λ2z
q2R2
∂ lnTz
∂θ
,
(
ρpz
qR
∂ lnTz
∂θ
)2}
 1 (39)
and
∇ · pizgC · BB
∇‖pz + zzenz∇‖Φ ∼ max
{
ρ2pz
L2nz
,
ρpz
Lnz
λz
qR
∂ lnTz
∂θ
}
 1. (40)
Here the diagonal (d) and off-diagonal or gyroviscous (g) part of the viscous tensor are
obtained on Eq. (42) and Eq. (44) of [43] (subscript C), respectively. The precise expressions
can be found in Appendix C 2.
The calculation of the parallel friction force between impurities and the background ions,
as outlined in Appendix III, leads to
Rzi‖ = −〈pi〉 Iνiz
Ωi
[
d ln 〈pi〉
dψ
+
zie
Ti
d 〈Φ〉
dψ
− 3
2
d lnTi
dψ
]
+Miνiz 〈ni〉
(
ni
〈ni〉
uB
ni
− Vz‖
)
. (41)
For banana main ions,
u =
3
√
pi√
2
T
3
2
i
M
3
2
i
∫
d3vi
B
vi‖
v3i
hi
(
ψ,
vi‖∣∣vi‖∣∣ , µi = v
2
i⊥
2B
,Ei〈〉 =
v2i
2
+
zie 〈Φ〉
Mi
)
(42)
is a flux function since d3vi ∝ Bvi‖dµidEi〈〉 [7]. Here hi = fi − f ∗iM (ψ∗i , Ei) vanishes in the
trapped domain, where fi is the main ion distribution function. The distribution f
∗
iM is
a modification of a Maxwell-Boltzmann distribution depending only on the constants of
the motion canonical angular momentum ψ∗i = ψ − cMizie R2∇ζ · vi, which replaces the ψi
dependence, and total energy Ei =
v2i
2
+ zieΦ
Mi
.
The dominant terms in parallel momentum conservation, ∇‖pz + zzenz∇‖Φ = Rzi‖, mul-
tiplied by the magnitude of the magnetic field can be evaluated by using (31) in the left
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hand side and (35) and (41) in the right hand side to find
B ·∇P = −Mi
〈
νiz
nz
〉
〈ni〉
[
cI
zie
nzTi
(
d ln 〈pi〉
dψ
− 3
2
d lnTi
dψ
)
− uB2 nz〈ni〉 +B
2Kz
− cI
zze
∂pz
∂ψ
− cInz ∂ (Φ− 〈Φ〉)
∂ψ
+
cB2
zze
∂
∂ψ
(
IP
〈B2〉
)]
,
(43)
where the Coulomb logarithm has been taken to be a flux function.
The unknown flux function Kz in the parallel impurity flow (35) is determined by flux
surface averaging the parallel momentum conservation (43), to find eventually that
Kz =
1
〈B2〉
[
cI
zze
∂ 〈pz〉
∂ψ
− cI
zie
〈nz〉Ti
(
d ln 〈pi〉
dψ
− 3
2
d lnTi
dψ
)
+
u
〈ni〉
〈
B2nz
〉]
. (44)
This form arises from the cancellation of terms justified as follows. The following term has
been neglected in (44):
− c
zze
〈
(B2 − 〈B2〉) ∂
∂ψ
[
I(P−〈P 〉)
〈B2〉
]〉
cI
zze
∂〈pz〉
∂ψ
∼ ∆ 1, (45)
consistent with the orderings in (33). Also the non-linear terms cancel each other out to
lowest order in (44),
∂ 〈P 〉
∂ψ
=
〈
z2zTi (nz − 〈nz〉)
z2i ni
(
1 + ne
zini
Ti
ziTe
) ∂ (nz − 〈nz〉)
∂ψ
〉
= zze
〈
(nz − 〈nz〉) ∂ (Φ− 〈Φ〉)
∂ψ
〉
, (46)
using the radial derivative of the flux surface average of (32), and (8). Finally, inserting
the flux function (44) back into (36) and recalling that the radial variation of the magnetic
field is negligible, the expression for the impurity flow when diamagnetic and radial flows
are retained is obtained to be
Vz =
B
nz 〈B2〉
[
cI
zze
∂ (〈pz〉+ P )
∂ψ
− cI
zie
〈nz〉Ti
(
d ln 〈pi〉
dψ
− 3
2
d lnTi
dψ
)
+ u
〈B2nz〉
〈ni〉
]
− cR2∇ζ
(
∂Φ
∂ψ
+
1
zzenz
∂pz
∂ψ
)
+
cI
B2
∇ζ ×∇θ
(
∂Φ
∂θ
+
1
zzenz
∂pz
∂θ
)
.
(47)
Notice that the last term has a radial component that is being retained.
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V. PARALLEL MOMENTUM
The parallel momentum equation (43) can be further simplified by inserting Kz from (44)
and neglecting the radial variation of the magnetic field and O (∆) corrections to obtain
B ·∇P = −Mi
〈
νiz
nz
〉
〈ni〉
{
cITi
zie
(
d ln 〈pi〉
dψ
− 3
2
d lnTi
dψ
)(
nz − B
2
〈B2〉 〈nz〉
)
− uB2
(
nz
〈ni〉 −
〈
B2
〈B2〉
nz
〈ni〉
〉)
− cI
zze
∂ 〈pz〉
∂ψ
(
1− B
2
〈B2〉
)
+
cI
zze
∂ [P − (pz − 〈pz〉)]
∂ψ
− cInz ∂ (Φ− 〈Φ〉)
∂ψ
}
.
(48)
The left hand side can be evaluated to lowest order, by using (32) and recalling that the
impurity density exhibits the strongest poloidal variation followed by the magnetic field, to
find
∂P
∂θ
= 〈Tz〉 ∂ (nz − 〈nz〉)
∂θ
1 + z2z〈nz〉z2i 〈ni〉
1 + 〈ne〉
zi〈ni〉
Ti
ziTe
Ti
〈Tz〉
nz
〈nz〉
 . (49)
Moreover, the dominant piece of the following term on the right hand side of (48) can be
calculated by recalling that the impurity density exhibits both the strongest radial and
poloidal variation and by using (8) as follows:
∂ [P − (pz − 〈pz〉)]
∂ψ
=
z2zTi
z2i ni
(
1 + ne
zini
Ti
ziTe
) [nz ∂ (nz − 〈nz〉)
∂ψ
+ (nz − 〈nz〉) ∂ 〈nz〉
∂ψ
]
= zzenz
∂ (Φ− 〈Φ〉)
∂ψ
+
z2z〈nz〉
z2i 〈ni〉
1 + 〈ne〉
zi〈ni〉
Ti
ziTe
Ti
〈Tz〉
(
nz
〈nz〉 − 1
)
∂ 〈pz〉
∂ψ
.
(50)
The conservation of parallel momentum equation for impurities in dimensionless form is
found by combining (48)-(50) to obtain
(1 + αn)
∂n
∂ϑ
= g
(
n− b2)+ Ub2 (n− 〈nb2〉)+D [α (n− 1) + b2 − 1] ; (51)
where the dimensionless density, n = nz〈nz〉 , and magnetic field squared, b
2 = B
2
〈B2〉 , present
strong poloidal variation which can be amplified by the following dimensionless flux functions
α =
z2z〈nz〉
z2i 〈ni〉
1 + 〈ne〉
zi〈ni〉
Ti
ziTe
Ti
〈Tz〉 ∼ 1, (52)
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g = − cI
zie
Mi 〈ni〉
〈B ·∇θ〉
〈
νiz
nz
〉
Ti
〈Tz〉
(
d ln 〈pi〉
dψ
− 3
2
d lnTi
dψ
)
, (53)
U =
u 〈B2〉
〈Tz〉
Mi
〈B ·∇θ〉
〈
νiz
nz
〉
(54)
and
D = − cI
zze
Mi 〈ni〉
〈B ·∇θ〉
〈
νiz
nz
〉
∂ ln 〈pz〉
∂ψ
. (55)
Note that when the impurity diamagnetic effects are neglected, by taking the D = 0 limit,
Helander’s equation (9) in [7] is recovered.
The parallel momentum equation (51) can be further simplified by neglecting all O (∆)
corrections, to be consistent with previous assumption (33), to obtain
(1 + αn)
∂n
∂ϑ
= g
(
n− b2)+ U (n− 1) +D [α (n− 1) + b2 − 1]
= (n− 1) (g + U + αD) + (1− b2) (g −D) (56)
VI. DISCUSSION AND CONCLUSIONS
Improving the modeling of impurities is expected to yield deeper insight into how to avoid
impurity accumulation and a better understanding and diagnostic methods for H (and I)
mode operation in a tokamak. In this section the expressions for the various components of
the impurity flow are extended to include the two-dimensional impurity diamagnetic and ra-
dial flow effects. These physical phenomena are shown here to obtain larger values of poloidal
variation than the one-dimensional model [7], as observed. Finally, the novel expression for
the impurity radial flux is derived and the diamagnetic effects are proven to beneficially
enhance impurity removal, hence reducing or even preventing impurity accumulation while
providing free fueling.
A. Poloidal impurity flow
The poloidal impurity flow has been experimentally observed (see Figs. 4.4, 4.5, 4.6 and
4.7 of [44]) to be much larger on the low field side of H-mode tokamak pedestals. The novel
diamagnetic and radial effects included in the prior sections result in an additional term in
the poloidal impurity flow (47),
Vz ·∇θ = B ·∇θ
nz 〈B2〉
[
−cITi
zie
〈nz〉
(
d ln 〈pi〉
dψ
− 3
2
d lnTi
dψ
)
+ u
〈B2nz〉
〈ni〉 +
cI
zze
∂ (〈pz〉+ P )
∂ψ
]
,
(57)
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with respect to the one-dimensional model [7],
Vz ·∇θ = B ·∇θ
nz 〈B2〉
[
−cITi
zie
〈nz〉
(
d ln 〈pi〉
dψ
− 3
2
d lnTi
dψ
)
+ u
〈B2nz〉
〈ni〉
]
. (58)
Both sources of poloidal variation are located out front of the square bracket in (58): the
poloidal magnetic field, whose poloidal variation is weak in the large aspect ratio limit, and
the inverse of the impurity density, which drives the poloidal impurity flow to be significantly
larger on the outboard as measured. The last term in (57), ∂(〈pz〉+P )
∂ψ
, introduces poloidal
variation within the square bracket.
The poloidal variation of the last term in (57) can be made more explicit by using (50)
and recalling that the impurity density contains the strongest radial and poloidal variation,
so that
∂ (〈pz〉+ P )
∂ψ
=
(
〈Tz〉+ αTi nz〈nz〉
)
∂nz
∂ψ
− αTi∂ 〈nz〉
∂ψ
. (59)
By substituting (59) into (57) and identifying the non-dimensional flux functions defined in
(52)-(55), it is shown that the poloidal impurity flux over the poloidal magnetic field,
nzVz ·∇θ
B ·∇θ =
〈nz〉 〈B ·∇θ〉
〈B2〉Mi 〈ni〉
〈
νiz
nz
〉 (g + U + αD) + cI
zze 〈B2〉
(
1 + α
Ti
〈Tz〉
nz
〈nz〉
)
∂nz
∂ψ
, (60)
is not a flux function in contrast to [7]. The additional poloidal variation introduced by the
diamagnetic and radial flow effects is given by the last term on the right hand side of (60).
As the right hand side of Fig. 1 in [18] shows, the impurity density is larger on the high field
side and its radial gradient is steeper (more negative) on the high field side. Therefore the
final (∂nz
∂ψ
) term makes the poloidal flow asymmetry larger than previous models [7].
It is worth noticing that the combination g + U + αD in (60) must be positive when the
poloidal flow is positive, since the second term in the right hand side of (60) is negative. In
addition, by rewriting (59) as
∂ (〈pz〉+ P )
∂ψ
= [1 + α (n− 1)] 〈Tz〉 ∂ 〈nz〉
∂ψ
+ (1 + αn) 〈Tz〉 ∂ (nz − 〈nz〉)
∂ψ
, (61)
it is seen that this quantity is negative on the high field side for inboard accumulation and
more negative inboard impurity density slope in agreement with H-mode experiments [17,
18]. It thus follows from (57) that g + U should be positive for the poloidal flow to be
positive on the high field side.
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B. Parallel impurity flow
The parallel impurity flow has also been measured (see Figs. 4.4, 4.5, 4.6 and 4.7 of [44])
to be much larger on the outboard side of H-mode tokamak pedestals. The novel diamagnetic
and radial effects and the stronger poloidal variation of the radial electric field included in
the model also lead to an additional term in the parallel impurity flow (47),
Vz‖ = −cI
B
∂ 〈Φ〉
∂ψ
+
B
nz 〈B2〉
[
− cI
zie
〈nz〉Ti
(
d ln 〈pi〉
dψ
− 3
2
d lnTi
dψ
)
+ u
〈B2nz〉
〈ni〉
]
+
cI
zzenzB
{
B2
〈B2〉
∂ (〈pz〉+ P )
∂ψ
−
[
∂pz
∂ψ
+ zzenz
∂ (Φ− 〈Φ〉)
∂ψ
]}
, (62)
with respect to the one-dimensional model [7] which contains only the terms in the first line
of (62). This term introduces a new source poloidal variation in addition to previous drives
for the parallel impurity flow to be significantly larger on the low field side as experimentally
observed, given by the inverse of the magnetic field on the first term in the first line of (62)
and the poloidal variation of the inverse of the impurity density dominating that given by
the magnetic field on the second term.
The term in (62) containing diamagnetic and radial flow effects and the poloidal variation
of the radial electric field is evaluated by using (50) to find
B2
〈B2〉
∂ (〈pz〉+ P )
∂ψ
−
[
∂pz
∂ψ
+ zzenz
∂ (Φ− 〈Φ〉)
∂ψ
]
=
=
∂ 〈pz〉
∂ψ
[(
B2
〈B2〉 − 1
)
+ α
Ti
〈Tz〉
(
nz
〈nz〉 − 1
)
B2
〈B2〉
]
; (63)
where to be consistent with (33) the following terms have been neglected:(
B2
〈B2〉 − 1
)
∂(pz−〈pz〉)
∂ψ
zzenz
∂〈Φ〉
∂ψ
∼
zzenz
(
B2
〈B2〉 − 1
)
∂(Φ−〈Φ〉)
∂ψ
zzenz
∂〈Φ〉
∂ψ
∼ ∆ 1. (64)
From (63), it can be seen that the new term is negative on the high field side and positive on
the low field side, since the impurity density is measured [18] to be larger on the high field side
in H-mode. Consequently, the two-dimensional model with diamagnetic and radial effects
that allows stronger poloidal variation of the radial electric field can capture substantially
stronger in-out asymmetries in the positive parallel impurity flow than the previous state-
of-the-art models [7].
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C. Radial impurity particle flux
By taking the toroidal projection of impurity momentum conservation (20) and using
axisymmetry, the radial particle flux is found to be
nzVz ·∇ψ = c
zze
R2∇ζ · (Riz +MznzVz ·∇Vz +∇ · piz) . (65)
Using the estimates (38), (39), (40), (D7), (D12) and (D21) to neglect small terms leads
to the conclusion that friction dominates on the right hand side of (65), thus satisfying
ambipolarity since
zznzVz ·∇ψ = c
e
R2∇ζ ·Riz = −c
e
R2∇ζ ·Rzi = −ziniVi ·∇ψ. (66)
The calculation of the radial impurity particle flux can be further simplified by noticing
that the parallel friction dominates since
Riz⊥ ·R∇ζ
Riz‖ ·R∇ζ =
−Riz · B×∇ψBRBp
Bp
B
Riz‖ IRB
∼ B
2
p
B2
 1, (67)
where the estimate (D10) has been used. As a result, the flux-surface averaged radial
impurity particle flux is given to lowest order by
〈nzVz ·∇ψ〉 = − cI
zze
〈
Rzi‖
B
〉
= − cI
zze 〈B2〉
〈
BRzi‖
1 + (b2 − 1)
〉
=
cI
zze 〈B2〉
〈
BRzi‖ [(b2 − 1)− 1]
1− (b2 − 1)2
〉
=
cI
zze 〈B2〉
〈
BRzi‖
(
b2 − 1)〉+O(∆2ρpz
qR
nzvTzRBp
)
;
(68)
where in the last form the denominator has been Taylor expanded and the solubility con-
straint,
〈
BRzi‖
〉
= 0, has been used. Finally, substituting the lowest order expression for
the friction, whole poloidal variation is proportional to the right hand side of (56) divided
by the magnetic field magnitude, the radial impurity flux becomes
〈nzVz ·∇ψ〉
cI〈B·∇θ〉〈pz〉
zze〈B2〉
=
〈
(n− 1) (b2 − 1)〉 (g + U + αD)− 〈(1− b2)2〉 (g −D) . (69)
Note that (13) in [7] is correctly recovered for D = 0 to lower order.
For illustrative purposes, a first-order cosinusoidal poloidal variation is considered for the
dimensionless magnetic field, b2 = 1 − 2 cosϑ, along with a first-order Fourier profile for
the dimensionless impurity density, with both a cosinusoidal and sinusoidal term in order
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to allow for in-out and up-down asymmetries. It can then be observed that both of the flux
surface averages on the right hand side of (69) are positive, since both the magnetic field and
the impurity density are larger on the inboard than on the outboard. Since D is positive by
definition and it is always proportional to a positive coefficient in (69), more impurities go
out and ions go in as D increases. In conclusion, being in a regime with large diamagnetic
drift helps to remove impurities.
Appendix A: Collision frequencies
The collisional frequencies between impurities and/or main ions are given [42] by
νii =
4
√
piz4i e
4ni ln Λ
3M
1
2
i T
3
2
i
νiz =
4
√
2piz2i z
2
ze
4nz ln Λ
3M
1
2
i T
3
2
i
νzz =
4
√
piz4ze
4nz ln Λ
3M
1
2
z T
3
2
z
and
νzi =
8
√
2piM
1
2
i z
2
i z
2
ze
4ni ln Λ
3MzT
3
2
i
,
where ν12 denotes the collisional frequency of species 1 with 2 and ln Λ is the Coulomb
logarithm. Note that the collision frequencies between impurities and main ions satisfy
2Miniνiz = Mznzνzi.
The sizes of the collisional frequencies can be compared to find
νiz
νii
=
√
2zeff ∼ zeff,
νzz
νzi
=
1
2
√
2
(
Ti
Tz
) 3
2
(
Mz
Mi
) 1
2
zeff ∼
(
zz
zi
) 1
2
zeff
and
νzz
νii
=
√
2
(
zz
zi
)2(
Mi
Mz
) 1
2
zeff ∼
(
zz
zi
) 3
2
zeff;
where zeff =
z2znz
z2i ni
is the effective charge of the impurities.
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Appendix B: Maxwellian impurity distribution function to lowest order
In order for the impurity distribution function to be a drifting Maxwellian to lowest order,
fzM = nz
(
Mz
2piTz
) 3
2
exp
(
−Mzw
2
z
2Tz
)
, (B1)
its first-order correction fz1 should be much smaller. In this appendix, the implied parameter
requirements are deduced from the static Fokker-Planck equation in spatial and relative
velocity, wz = vz −Vz, variables [43]:
vz ·∇fz +
[
Ωzwz × B
B
+
zze
Mz
(
Vz ×B
c
−∇Φ
)
− vz ·∇Vz
]
·∇wzfz = Czz + Czi; (B2)
where the gradient in relative velocity space is given by
∇wz =
B
B
∂
∂wz‖
+
wz⊥
wz⊥
∂
∂wz⊥
− 1
w2z⊥
wz × B
B
∂
∂ϕz
(B3)
with the gyrophase ϕz defined by
wz⊥
wz⊥
= ∇ψ
RBp
cosϕz+
B×∇ψ
BRBp
sinϕz. It is convenient to decom-
pose the first-order distribution function into its gyroaverage, f¯z1 = 〈fz1〉ϕz = 12pi
∮
dϕzfz1,
and gyrophase dependent part, f˜z1 = fz1 − f¯z1.
1. Gyrophase independent first-order correction:
The gyroaveraged first-order kinetic equation for the impurities is thus
wz‖ ·∇fzM − zze
Mz
B
B
·∇Φ∂fzM
∂wz‖
= Czz1
{
f¯z1
}
+ 〈Czi1 {fi1}〉ϕz ; (B4)
since the other left hand side terms are negligible:
Vz ·∇fzM
wz‖ ·∇fzM ∼
−wz⊥
2
∂fzM
∂wz⊥
∇ ·Vz
wz‖ ·∇fzM ∼
(
wz⊥
2
∂fzM
∂wz⊥
− wz‖ ∂fzM∂wz‖
)
B
B
·∇Vz · BB
wz‖ ·∇fzM ∼
ρpz
Lnz
 1, (B5)
and
−Vz ·∇Vz · BB ∂fzM∂wz‖
wz‖ ·∇fzM ∼
ρ2pz
L2nz
 1. (B6)
So as to perform the gyroaverage, it has been used that 〈wz⊥wz⊥〉 = w
2
z⊥
2
(
I− B
B
B
B
)
and
that I : ∇Vz = ∇ ·Vz, where I is the identity matrix. In order to calculate the estimates,
it is worth recalling that the impurity density presents the strongest poloidal and poloidal
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variation. In addition, the relative velocity is of the order of the impurity thermal velocity
in all directions.
If the parallel streaming and radial electric field terms balance self-collisions in (B4),
the size of the gyrophase independent first-order correction to the lowest-order impurity
distribution function is given by
f¯z1
fzM
∼ ∆ vTz
νzzqR
∼ ∆ λz
qR
 1; (B7)
while if unlike collisions balance self-collisions then
f¯z1
fzM
∼ νzi
νzz
∼
√
zi
zz
 1, (B8)
which justifies the highly charged impurity assumption.
2. Gyrophase dependent first order correction:
Subtracting from the Fokker-Planck equation (B2) its flux surface average, the gyrophase
dependent first-order kinetic equation for the impurities is thus given by
wz⊥ ·∇fzM + ∇pz
Mznz
· wz⊥
wz⊥
∂fzM
∂wz⊥
− Ωz ∂f˜z1
∂ϕz
= Czi1 {fi1} − 〈Czi1 {fi1}〉ϕz ; (B9)
where the following terms have been neglected on the left hand side:
−wz⊥ ·∇Vz · BB ∂fzM∂wz‖
wz⊥ ·∇fzM ∼
ρpz
Lnz
 1 (B10)
and
1
wz⊥
∂fzM
∂wz⊥
[
w2z⊥
2
(
I− B
B
B
B
)−wz⊥wz] :∇Vz
wz⊥ ·∇fzM ∼
ρz
Lnz
 1, (B11)
with a1a2 :∇Vz = a2 ·∇Vz · a1 for generic vectors a1 and a2. Moreover, the perpendicular
momentum conservation is assumed in (21) to be dominated by the Lorentz, electrostatic
and isotropic pressure forces:
∇·piz−Rzi
Mznz
· wz⊥
wz⊥
∂fzM
∂wz⊥
wz⊥ ·∇fzM ∼
∇·piz−Rzi
Mznz
· wz⊥
wz⊥
∂fzM
∂wz⊥
∇pz
Mznz
· wz⊥
wz⊥
∂fzM
∂wz⊥
 1. (B12)
Finally, the term containing the gyrofrequency overtakes the like collision operator since
Czz1
{
f˜z1
}
Ωz
∂f˜z1
∂ϕz
∼ νzz
Ωz
 1. (B13)
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If the term involving the gyrofrequency competes with the perpendicular streaming in
(B9), the size of the gyrophase dependent first-order correction to the impurity distribution
function is given by
f˜z1
fzM
∼ vTz
ΩzLnz
∼ ρz
Lnz
 1, (B14)
while if the former balances unlike collisions then
f˜z1
fzM
∼ νzi
Ωz
fiM
fzM
fi1 − 〈fi1〉
fiM
∼ νzz
Ωz
fi1 − 〈fi1〉
fiM
∼ ρz
λz
fi1 − 〈fi1〉
fiM
 1; (B15)
where it has been used that fiM
fzM
∼
√
zz
zi
∼ νzz
νzi
for the orderings in hand. This is satisfied
automatically since ρz  λz.
Appendix C: Neglecting heat flux and viscous contributions to the parallel momen-
tum and energy conservation equations
In this appendix, it is justified that the divergence of the heat flux does not significantly
affect the impurity energy balance (E8) for the new orderings. Furthermore, the anisotropic
force and the viscous dissipation are proven to be negligible contributions to the impurity
parallel momentum (39, 40) and energy (E6, E7) conservation respectively, by using the
calculated impurity flux (47).
Although there may be additional components coming from the presence of unlike colli-
sions on the impurity Fokker-Planck equation, the most complete expressions for the colli-
sional heat flux and viscous tensor to date [43] are used for the estimates.
1. Heat flux
The collisional and diamagnetic heat flux obtained in Eq. 39 of [43] (C),
qzC =
pz
Mz
(
− 125
32νzz
B
B
B
B
·∇Tz + 5
2Ωz
B
B
×∇Tz − 2νzz
Ω2z
∇⊥Tz
)
, (C1)
has the following size in the parallel, poloidal and radial directions:
qz‖C ∼ − pzTz
Mzνzz
B ·∇θ
B
∂ lnTz
∂θ
∼ pzvTz λz
qR
∂ lnTz
∂θ
,
qzC · B×∇ψ
BRBp
∼ pzRBp
MzΩz
(
∂Tz
∂ψ
+
∇θ ·∇ψ
R2B2p
∂Tz
∂θ
)
∼ pzvTz zi
zz
ρz
Lnz
,
qzC · ∇ψ
RBp
∼ pzTz
MzΩz
B×∇θ ·∇ψ
BRBp
∂ lnTz
∂θ
∼ pzvTz ρpz
qR
∂ lnTz
∂θ
.
(C2)
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Due to axisymmetry, the size of the divergence of the heat flux is thus given by
∇ · qzC = B ·∇θ
[
∂
∂θ
(
qzC ·∇θ
B ·∇θ
)
+
∂
∂ψ
(
qz⊥C ·∇ψ
B ·∇θ
)]
∼ pzvTz
qR
max
{
∆
λz
qR
∂ lnTz
∂θ
,∆
zi
zz
ρpz
Lnz
,
ρpz
Lnz
∂ lnTz
∂θ
}
, (C3)
where (24) and the fact that the strongest radial and poloidal variation are exhibited by the
impurity density have been used.
2. Viscous tensor
a. Diagonal: The diagonal (d) part of the viscous tensor is obtained on Eq. (42) of
[43]:
pizdC · B
B
=
2
3
B
B
{
Mz
pzTz
(
0.412q2z‖C − 0.064q2zC
)
+
0.960
νzz
(
I− 3B
B
B
B
)
:
[
0.246
(
∇qzC − qzC∇ ln pz + 4
15
∇qz‖C
)
+
(
pz∇Vz + 2
5
∇qzC
)]}
.
(C4)
It contains heat flux (C3) and impurity flux (E4) terms, whose size ratios are given by
Mz
pzTz
q2zC
pz
νzz
∇ ·Vz ∼
1
∆
max
{
λz
qR
Lnz
ρpz
(
∂ lnTz
∂θ
)2
,
qR
λz
ρpz
Lnz
z2i
z2z
B2p
B2
,
Lnz
λz
ρpz
qR
(
∂ lnTz
∂θ
)2}
(C5)
and
1
νzz
∇ · qzC
pz
νzz
∇ ·Vz ∼ max
{
λz
qR
Lnz
ρpz
∂ lnTz
∂θ
,
zi
zz
,
1
∆
∂ lnTz
∂θ
}
. (C6)
The size of the viscous tensor diagonal term, for Maxwell-Boltzmann main ions (13), is thus
given by
B
B
· pizdC · BB
pz
νzz
∇ ·Vz ∼ max
{
1,
λz
qR
Lnz
ρpz
∂ lnTz
∂θ
,
1
∆
Lnz
λz
ρpz
qR
(
∂ lnTz
∂θ
)2}
, (C7)
where the size of the divergence of the impurity flux is calculated on (E4).
The contribution of the diagonal viscous tensor to the viscous force is thus indeed negli-
gible compared to the pressure and potential gradients in the parallel momentum equation,
∇ · pizdC · BB
∇‖pz + zzenz∇‖Φ ∼ max
{
ρpz
Lnz
∆
λz
qR
,
(
∆
λz
qR
)2
1
∆
∂ lnTz
∂θ
,
(
ρpz
qR
∂ lnTz
∂θ
)2}
 1, (C8)
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since the strongest poloidal variation of the viscous tensor is dictated by the impurity density.
Additionally, the correspondent viscous energy is also actually negligible with respect to the
compressional heating in the energy equation,
pizdC :∇Vz
pz∇ ·Vz ∼ max
{
ρpz
Lnz
∆
λz
qR
,
(
∆
λz
qR
)2
1
∆
∂ lnTz
∂θ
,
(
ρpz
qR
∂ lnTz
∂θ
)2}
 1, (C9)
since
pizdC :∇Vz = 3
2
(
B
B
·∇Vz · B
B
− ∇ ·Vz
3
)
B
B
· pizdC · B
B
. (C10)
b. Off-diagonal: On the one hand, the off-diagonal or gyroviscous (g) part of the vis-
cous tensor is obtained on Eq. (44) of [43]:
pizgC =
pz
4Ωz
{
B
B
×
[(
∇Vz + 2
5
∇qzC
pz
)
+
(
∇Vz + 2
5
∇qzC
pz
)T]
·
(
I + 3
B
B
B
B
)
−
(
I + 3
B
B
B
B
)
·
[(
∇Vz + 2
5
∇qzC
pz
)
+
(
∇Vz + 2
5
∇qzC
pz
)T]
× B
B
}
. (C11)
In order to identify the dominant terms, it is worth bear in mind that the ratio impurity heat
flux divided by the pressure to mean flow (35,26,25) has the following size in each direction
(24):
qzC · BB
pzVz · BB
∼
125pz
32Mzνzz
B
B
·∇Tz
pzVz‖
∼ λz
qR
∂ lnTz
∂θ
Lnz
ρpz
,
qzC · B×∇ψBRBp
pzVz · B×∇ψBRBp
∼
5pz
2MzΩz
B
B
×∇Tz · B×∇ψBRBp
pzVz · B×∇ψBRBp
∼ zi
zz
 1
qzC · ∇ψRBp
pzVz · ∇ψRBp
∼
5pz
2MzΩz
B
B
×∇Tz · ∇ψRBp
pzVz · ∇ψRBp
∼
∂ lnTz
∂θ
∆
 1.
(C12)
The size of the gyroviscous force in the parallel momentum equation is represented by
the following term:
∇ · pizgC · B
B
∼ ∇pz
Ωz
· B
B
×
[(
∇Vz + 2
5
∇qzC
pz
)
+
(
∇Vz + 2
5
∇qzC
pz
)T]
· B
B
, (C13)
where the term with the magnetic field brought inside the gradient is used since the im-
purity density presents the strongest radial and poloidal variation. More especifically, the
untransposed term in (C13),
∇pz
Ωz
· B
B
×
(
∇Vz‖ + 2
5
∇qz‖C
pz
)
∼ ∆pz
qR
ρpz
Lnz
max
{
ρpz
Lnz
,
λz
qR
∂ lnTz
∂θ
}
, (C14)
27
dominates the transposed one,(
∇‖Vz + 2
5
∇‖qzC
pz
)
× B
B
· ∇pz
Ωz
∼ ∆pz
qR
ρ2z
L2nz
, (C15)
whose size has been estimated by using (C12) and noticing that
Vz · ∇ψRBp
∇ψ
RBp
× B
B
·∇ lnnz
Vz · B×∇ψBRBp
∇ψ
RBp
·∇ lnnz
∼
∆ρpz
qR
vTz
B
qRBp
∂ lnnz
∂θ
ρz
Lnz
vTzRBp
∂ lnnz
∂ψ
∼
(
∆
Lnz
R
)2
 1. (C16)
In conclusion, the gyroviscous force can indeed be successfully neglected in the parallel
momentum equation:
∇ · pizgC · BB
∇‖pz + zzenz∇‖Φ ∼ max
{
ρ2pz
L2nz
,
ρpz
Lnz
λz
qR
∂ lnTz
∂θ
}
 1. (C17)
The size of the gyroviscous energy can be estimated by using the following terms since
the strongest variation of the impurity flow is given by the impurity density:
pizgC :∇Vz ∼ Vz⊥ · B
B
×
[(
∇Vz + 2
5
∇qzC
pz
)
+ (∇Vz)T
]
· ∇pz
4Ωz
−Vz ·
[
∇Vz +
(
∇Vz + 2
5
∇qzC
pz
)T]
× B
B
· ∇pz
4Ωz
. (C18)
Here it has been used that the perpendicular mean flow is larger than the perpendicular
heat flux (C12). The size of each term in (C18) is calculated by using also (E4) and (C16):
Vz⊥ · B
B
×
(
∇Vz + 2
5
∇qzC
pz
)
· ∇pz
4Ωz
∼ ∆pzvTz
qR
ρ2z
L2nz
max
{
ρpz
Lnz
,
λz
qR
∂ lnTz
∂θ
}
,
∇pz
4Ωz
·∇Vz⊥ × B
B
·Vz⊥ ∼ ∆pzvTz
qR
ρ2z
L2nz
ρpz
Lnz
,
Vz ·∇Vz × B
B
· ∇pz
4Ωz
∼ ∆pzvTz
qR
ρ2z
L2nz
ρpz
Lnz
∇pz
4Ωz
· B
B
×
(
∇Vz + 2
5
∇qzC
pz
)
·Vz ∼ ∆pzvTz
qR
ρ2pz
L2nz
max
{
ρpz
Lnz
,
λz
qR
∂ lnTz
∂θ
}
.
(C19)
The viscous energy can hence be neglected in the energy conservation equation since
pizgC :∇Vz
pz∇ ·Vz ∼ max
{
ρ2pz
L2nz
,
ρpz
Lnz
λz
qR
∂ lnTz
∂θ
}
 1. (C20)
Appendix D: Checking assumptions of the derivation of the velocity
The perpendicular impurity flow,
Vz⊥ =
c
B2
B×
(
∇Φ + ∇pz +MznzVz ·∇Vz +∇ · piz + Riz
zzenz
)
, (D1)
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is simplified into (21) by assuming that the perpendicular projection of the inertia, friction
and viscous force are negligible. The sizes of these terms are estimated a posteriori in
this appendix by using the resulting impurity flow (47) to check the applicability of the
approximations.
1. Neglected inertial term
The inertial term can be conveniently rewritten as a divergence, by using conservation of
impurity particles (28), to find
nzVz ·∇Vz =∇ · (nzVzVz) . (D2)
The projection of the inertial contribution to the perpendicular impurity flow (D1) in the
directions perpendicular to the flux surface and within the latter but perpendicular to the
magnetic field are then respectively given by:
B
B
× ∇ · (nzVzVz)
Ωznz
· ∇ψ
RBp
= −
∇ ·
(
nzVzVz · B×∇ψBRBp
)
Ωznz
+
Vz
Ωz
·∇
(
B×∇ψ
BRBp
)
·Vz (D3)
and
B
B
× ∇ · (nzVzVz)
Ωznz
· B×∇ψ
BRBp
=
∇ ·
(
nzVzVz · ∇ψRBp
)
Ωznz
− 1
Ωz
Vz ·∇
(∇ψ
RBp
)
·Vz. (D4)
Since the impurity density presents the strongest poloidal (5) and radial (9) variation,
the first terms on the right hand of (D3) and (D4) are used to determine the size of the
correspondent projection of the inertial contribution to the perpendicular impurity flow
(29,25,26):
∇ ·
(
nzVzVz · B×∇ψBRBp
)
Ωznz
=
B ·∇θ
Ωznz
∂
∂ψ
(
nzVz ·∇ψVz · B×∇ψBRBp
B ·∇θ
)
∼ ∆ρpz
qR
vTz
ρ2z
L2nz
+
B ·∇θ
Ωznz
∂
∂θ
(
nzVz ·∇θVz · B×∇ψBRBp
B ·∇θ
)
∼ ∆ρpz
qR
vTz
ρ2z
L2nz
(D5)
and
∇ ·
(
nzVzVz · ∇ψRBp
)
Ωznz
=
B ·∇θ
Ωznz
∂
∂ψ
(
nzVz ·∇ψVz · ∇ψRBp
B ·∇θ
)
∼ ρz
Lnz
vTz
(
∆
ρpz
qR
)2
+
B ·∇θ
Ωznz
∂
∂θ
(
nzVz ·∇θVz · ∇ψRBp
B ·∇θ
)
∼ ρz
Lnz
vTz
(
∆
ρpz
qR
)2
.
(D6)
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In conclusion, the projection of the inertial contribution to the perpendicular impurity flow
(D1) can be successfully neglected since
B
B
× ∇·(nzVzVz)
Ωznz
· ∇ψ
RBp
Vz⊥ · ∇ψRBp
∼
∇·
(
nzVzVz ·B×∇ψBRBp
)
Ωznz
Vz⊥ · ∇ψRBp
∼ ρ
2
z
L2nz
 1 (D7)
and
B
B
× ∇·(nzVzVz)
Ωznz
· B×∇ψ
BRBp
Vz⊥ · B×∇ψBRBp
∼
∇·
(
nzVzVz · ∇ψRBp
)
Ωznz
Vz⊥ · B×∇ψBRBp
∼
(
∆
ρpz
qR
)2
 1. (D8)
Inertial terms have zero flux surface average regardless of ordering.
2. Neglected friction term
The size of the components of the perpendicular friction in the direction perpendicular
to the flux surface and perpendicular to the magnetic field but contained within the flux
function are respectfully given by
Riz · ∇ψ
RBp
= Mi
∫
d3viwi · ∇ψ
RBp
(
Ciz1 − 〈Ciz1〉ϕ
)
∼MiniνizvTz∆ρpz
qR
(D9)
and
Riz · B×∇ψ
BRBp
= Mi
∫
d3viwi · B×∇ψ
BRBp
(
Ciz1 − 〈Ciz1〉ϕ
)
∼MiniνizvTz ρz
Lnz
; (D10)
since the gyrophase-dependent piece of the unlike collision operator (16) is
Ciz1 − 〈Ciz1〉ϕ =
3
√
2piνizT
3
2
i
4M
3
2
i
[
∇vi ·
(
∇vi∇vivi ·∇vi f˜i1
)
+ 2fiM〈〉
Mi
Ti
vi⊥
v3i
·Vz
]
, (D11)
with f˜i1 = fi1 − f¯i1 and the size of the perpendicular impurity flow dictated by (25) and
(26). In conclusion, the contribution of the friction force to the perpendicular impurity flow
(D1) can be successfully neglected if
B
B
× Riz
MzΩznz
· ∇ψ
RBp
Vz⊥ · ∇ψRBp
=
− Riz
MzΩznz
· B×∇ψ
BRBp
Vz⊥ · ∇ψRBp
∼ 1
∆
qR
λz
ρpz
Lnz
√
zz
zi
B2p
B2
 1, (D12)
which implies that (E3)
B
B
× Riz
MzΩznz
· B×∇ψ
BRBp
Vz⊥ · B×∇ψBRBp
=
Riz
MzΩznz
· ∇ψ
RBp
Vz⊥ · B×∇ψBRBp
∼ 1
∆
qR
λz
ρpz
Lnz
√
zz
zi
(
∆
Lnz
qR
)2
 1. (D13)
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3. Neglected viscous term
a. Diagonal terms: The divergence of the viscous tensor dotted into the perpendicular
directional vector can be related (24) to that of the parallel diagonal component, whose size
is estimated on (C7), to find
∇ ·
(
pizdC · ∇ψ
RBp
)
= −1
2
∇ ·
(∇ψ
RBp
B
B
· pizdC · B
B
)
∼ 1
Lnz
B
B
· pizdC · B
B
(D14)
and
∇ ·
(
pizdC · B×∇ψ
BRBp
)
= −1
2
∇ ·
(
B×∇ψ
BRBp
B
B
· pizdC · B
B
)
∼ ∆B
qRBp
B
B
· pizdC · B
B
. (D15)
Consequently, the contribution of the diagonal terms of the viscous tensor to the perpendic-
ular impurity flow (D1) can be automatically neglected with no further assumptions since
B
B
× ∇·pizdC
MzΩznz
· ∇ψ
RBp
Vz⊥ · ∇ψRBp
=
−∇·pizdC
MzΩznz
· B×∇ψ
BRBp
Vz⊥ · ∇ψRBp
∼
B
B
× ∇·pizdC
MzΩznz
· B×∇ψ
BRBp
Vz⊥ · B×∇ψBRBp
=
∇·pizdC
MzΩznz
· ∇ψ
RBp
Vz⊥ · B×∇ψBRBp
∼
∼ max
{
∆
ρpz
Lnz
λz
qR
,∆
(
λz
qR
)2
∂ lnTz
∂θ
,
(
ρpz
qR
∂ lnTz
∂θ
)2}
 1. (D16)
b. Off-diagonal terms: The size of the divergence of the dominant terms (C12) of the
gyroviscous tensor dotted into the unitary vector perpendicular to the flux surface,
pizgC · ∇ψ
RBp
=
pz
4Ωz
{
B
B
×
[
∇Vz + (∇Vz)T
]
· ∇ψ
RBp
−
(
I + 3
B
B
B
B
)
·
[
∇Vz +
(
∇Vz + 2
5
∇qzC
pz
)T]
· B×∇ψ
BRBp
}
, (D17)
is estimated by applying the gradient to the impurity pressure and analysing each term
separately:
∇pz
4Ωz
· B
B
×∇Vz · ∇ψ
RBp
∼ ∆
2pz
qR
ρpz
qR
ρpz
Lnz
,
∇ψ
RBp
·∇Vz × B
B
· ∇pz
4Ωz
∼ pz
Lnz
ρ2z
L2nz
,
∇pz
4Ωz
·∇Vz · B×∇ψ
BRBp
∼ pz
Lnz
ρ2z
L2nz
B×∇ψ
BRBp
·
(
∇Vz + 2
5
∇qzC
pz
)
· ∇pz
4Ωz
∼ ∆
2pz
qR
ρpz
qR
max
{
ρpz
Lnz
,
λz
qR
∂ lnTz
∂θ
}
.
(D18)
31
Analogously, the size of the divergence of the dominant terms (C12) of the gyroviscous
tensor dotted into the unitary vector within the flux surface but perpendicular to the mag-
netic field,
pizgC · B×∇ψ
BRBp
=
pz
4Ωz
{
B
B
×
[
∇Vz + (∇Vz)T
]
· B×∇ψ
BRBp
+
(
I + 3
B
B
B
B
)
·
[
∇Vz +
(
∇Vz + 2
5
∇qzC
pz
)T]
· ∇ψ
RBp
}
, (D19)
is estimated term by term as follows:
∇pz
4Ωz
· B
B
×∇Vz · B×∇ψ
BRBp
∼ ∆pz
qR
ρpz
Lnz
ρz
Lnz
,
B×∇ψ
BRBp
·∇Vz × B
B
· ∇pz
4Ωz
∼ ∆pz
qR
ρpz
Lnz
ρz
Lnz
,
∇pz
4Ωz
·∇Vz · ∇ψ
RBp
∼ ∆pz
qR
ρpz
Lnz
ρz
Lnz
∇ψ
RBp
·
(
pz∇Vz + 2
5
∇qzC
)
· ∇ lnnz
4Ωz
∼ ∆pz
qR
ρz
Lnz
max
{
ρpz
Lnz
,
λz
qR
∂ lnTz
∂θ
}
.
(D20)
The contribution of the gyroviscous tensor to the perpendicular impurity flow (D1) can
hence be neglected as well since
B
B
× ∇·pizgC
MzΩznz
· ∇ψ
RBp
Vz⊥ · ∇ψRBp
=
−∇·pizgC
MzΩznz
· B×∇ψ
BRBp
Vz⊥ · ∇ψRBp
∼ Bp
B
ρz
Lnz
max
{
ρpz
Lnz
,
λz
qR
∂ lnTz
∂θ
}
 1 (D21)
and
B
B
× ∇·pizgC
MzΩznz
· B×∇ψ
BRBp
Vz⊥ · B×∇ψBRBp
=
∇·pizgC
MzΩznz
· ∇ψ
RBp
Vz⊥ · B×∇ψBRBp
∼ max
{
ρ2z
L2nz
,∆2
Lnz
qR
ρpz
qR
λz
qR
∂ lnTz
∂θ
}
 1. (D22)
4. Parallel impurity flow calculation
If the perpendicular projection of the inertia, friction and divergence of the anisotropic
pressure tensor are negligible on the perpendicular momentum conservation (21), their cor-
respondent contribution to the conservation of particles (29) are also negligible under the
stablished orderings.
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Appendix E: Energy conservation equation
The impurity energy equation balances convection, compressional heating, viscous energy,
the divergence of the conductive heat flux, qz and equilibration,
3
2
nzVz ·∇Tz + pz∇ ·Vz + piz :∇Vz +∇ · qz = 3
2
νzinz (Ti − Tz) . (E1)
Note that the compressional heating in E1 can be rewritten by using conservation of
impurity particles as
pz∇ ·Vz = −TzVz ·∇nz. (E2)
Importantly, even when the radial component of the impurity flow (25) is very small with
respect to the poloidal impurity flow (26,35),
Vz⊥ · ∇ψRBp
Vz‖
Bp
B
∼
Vz⊥ · ∇ψRBp
Vz⊥ · B×∇ψBRBp
∼ ∆Lnz
R
 1, (E3)
the radial variation of the impurity density is strong enough, recall (5), that its divergence
can compete with the divergence of the poloidal flow. This implies that both components
of the perpendicular impurity flow must be retained in the conservation equations when the
impurity flow is dotted into a gradient of the impurity density since
Vz ·∇ lnnz ∼ Vz⊥ ·∇ψ∂ lnnz
∂ψ
∼ Vz ·∇θ∂ lnnz
∂θ
∼ ∆ ρpz
Lnz
vTz
qR
. (E4)
When the friction is taken to compete with the pressure and potential gradient terms in
parallel momentum conservation, then the equilibration term dominates over the compres-
sional heating term in the energy equation since
pz∇·Vz
3
2
nzνzi(Ti−Tz)
B
B
·∇pz
Rzi‖
∼
∆ λz
qR
√
zz
zi
ρpz
Lnz
∆ λz
qR
√
zz
zi
Lnz
ρpz
∼
(
ρpz
Lnz
)2
 1. (E5)
Note that this implies that viscous effects can also be neglected in the energy equation:
pizdC :∇Vz
pz∇ ·Vz ∼ max
{
ρpz
Lnz
∆
λz
qR
,∆
λ2z
q2R2
∂ lnTz
∂θ
,
(
ρpz
qR
∂ lnTz
∂θ
)2}
 1, (E6)
pizgC :∇Vz
pz∇ ·Vz ∼ max
{
ρ2pz
L2nz
,
ρpz
Lnz
λz
qR
∂ lnTz
∂θ
}
 1 (E7)
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Finally, the divergence of the heat flux can be neglected when:
∇ · qzC
3
2
nzνzi (Ti − Tz) ∼ max
{
zi
zz
,
1
∆
∂ lnTz
∂θ
,
λz
qR
Lnz
ρpz
∂ lnTz
∂θ
}
∆
λz
qR
√
zz
zi
ρpz
Lnz
∼
∼ ∂ lnTz
∂θ
max
{
∆
∂ lnTz
∂θ
λz
qR
√
zi
zz
ρpz
Lnz
,
λz
qR
√
zz
zi
ρpz
Lnz
,∆
(
λz
qR
)2√
zz
zi
}
 1.
(E8)
Combining the most restrictive assumptions, equilibration will dominate when
∆
λz
qR
√
zz
zi
min
{
ρpz
Lnz
,
λz
qR
}
 1. (E9)
The impurity temperature is then equal to lowest order to the bulk ion temperature, which
is taken to be a flux function.
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